
High Density QCD

Thomas Schaefer

North Carolina State University

and Riken BNL Research Center

Quark Gluon Plasma

µ

T

Big Bang

Neutron Stars

RHIC

Hadron Gas
CERN

Color Superconductivity

Supernova

Nuclear Liquid



QCD in Xtreme Conditions
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more practical:
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heavy−ion
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collisions



WHY?

� These conditions exist in the universe:

Neutron Stars, Big Bang

� Exploring the entire phase diagram is important to understand-

ing the phase that we happen to live in

We cannot understand the structure

of hadrons without understanding the

non-trivial QCD vacuum.

We cannot understand the vacuum

state without understanding how it

can be modi�ed.

� QCD simpli�es in extreme environments:

Study QCD matter in a regime where

quarks and gluons are indeed the cor-

rect degrees of freedom.



Dense Hadronic Matter

� consider baryon density nB � 1 fm�3

quarks expected to move freely

� groundstate: cold quark matter (quark fermi liquid)

PF

PF

n(p)

p

� only quarks with p � pF � �QCD scatter

� pF � �QCD ! e�ective coupling is weak

! no chiral symmetry breaking

! no con�nement

! no dynamically generatedmasses



Lattice Results

µ

<qq>

µ

P
?

?

no data 

no data

� Problem: No lattice data

Z =
Z
dA det(D= + i�
4)| {z } e

�S

complex

� \sign" problem: no importance sampling

� progress in simulating small �, T � Tc

{ improved reweighting (Fodor, Katz)

{ imaginary chemical potential (Forcrand, Philipsen, : : :)

{ Taylor expansion (Karsch et al.)



Phase Diagram: First Try
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Super
uidity

� dominant interaction

F
P

−P
F

F
P’

−P’
F

F
P

−P
F

F
P’

−P’
F

Uses the whole

Fermi surface

coherently

� very degenerate perturbation theory

) instability (BCS) in weak coupling

) q(pF )q(�pF ) condensate
� arbitrarily weak (attractive!) interaction leads to super
uid-

ity/superconductivity (pairs neutral/charged)

pp

∆

ε

F

�(p) =
r
(p� pF )2 + �2

! gap in spectrum, transport without dissipation, : : :

� QCD: gluon exchange attractive in �3 channel

3 � 3 = 6S + 3A Flux reduced) attractive



� spin-
avor-color wave function

("# � #")� (ud� du)� (rb� br) s = 0; I = 0; c = �3

order parameter: �a = �abchqbC
5�2qci

� chiral symmetry is not broken

LL

s

p
� � hqLqLi � hqRqRi

� color symmetry broken by Higgs mechanism (Meissner e�ect)

�a 2 [�3]; ) SU(3)! SU(2)

{ 5/8 gluons acquire mass via Higgs mechanism

{ SU(2) is con�ned



Phase Diagram: Second Revision
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Why? Competition between

<qq> and <qq>

lattice results

Universality, 

1st order transition ends

E

� critical endpoint (E) persists even if m 6= 0

� Critical 
uctuations observable in heavy ion collisions?

{ charge 
uctuations

{ baryon number 
uctuations

{ pT 
uctuations, : : :



Gap Equation

� �� �QCD: perturbative forces dominate

� gluon exchange: small angle scattering dominates! medium

e�ects important

DE = 1
~q2+2m2 m2 =

Nf

4�2
g2�2 Debye screening

DM = 1
~q2+i�

2
m!

q
! < q Landau damping

� consider ! ' �. Typical momenta

qE ' g�; qM ' (g2�2�)1=3

Superconductivity driven by magnetic forces!

� Note: Perturbation theory is self-consistent

�!1 ) qM � �QCD



Eliashberg Equation

� retardation important: Eliashberg theory

�(p0) =
g2

18�2
Z
dq0

8>><
>>:log

0
BB@

bM

jp0 � q0j
1
CCA + : : :

9>>=
>>;

�(q0)r
q20 +�(q0)2

colinear log BCS log

� double logarithmic behavior

�0 � g2

18�2
�0

2
64log

0
B@ �
�0

1
CA
3
75
2

! �0 � exp

0
BB@� cp

�s

1
CCA

(BCS result �0 � exp
 
� c

�s

!
)

� more careful analysis

c = 3�2=
p
2

� condensation energy

� ' N�2
0

0
BB@
�2

4�2

1
CCA

� typical numbers
�0 ' 100 MeV (� � 5�0)

Tc ' 50 MeV



Beautiful Case: Nf = 3

� quarks qai [i = (u; d; s); a = (r; b; g)]. Order parameter?

hqai qbji = � �abI�ijI Color� Flavor� Locking

hudi = husi = hdsi Color and Flavor

hrbi = hrgi = hbgi direction aligned

� Symmetry breaking pattern:

SU(3)L � SU(3)R � [SU(3)]C � U(1)! SU(3)C+F

F
LL C C F

R R

<q  q  > <q  q  >
L L R R

Rotate left flavor Compensate by rotating

color

... have to rotate right

flavor also !

� Novel mechanism for Chiral Symmetry Breaking:

h L Li = �h R Ri
Breaks chiral SU(3)L � SU(3)R symmetry because

SU(3)L
Lock ! SU(3)C

Lock ! SU(3)R

� All quarks and gluons acquire a mass gap



CFL Phase: Excitations

� quark pairs are charged, but U(1)EM remains unbroken


� = �11
 + �12g3 + �13g8

Material is a transparent insulator

� excitations
[8] Q = 0;�1 Goldstones (�;K; �) (QQ)(QQ)�1; : : :

[8] + [1] Q = 0;�1 baryons (p; n;�;�) (Q)(QQ); : : :

[8] Q = 0;�1 vectors (�;K�; : : :) g;QQ�1; : : :

[1] Q = 0 U(1)AGoldstone (�
0) QQ�1; (QQ)(QQ)�1; : :

[1] Q = 0 U(1)B Goldstone QQ�1; (QQ)(QQ)�1; : :

� order parameters

h�qqi chiral symmetry breaking

h(uds)(uds)i H super
uidity

Continuity between quark and hadron matter?



Phase Diagram: Third Revision
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H − superfluidity

<qq> <(qq)  >2

Density dependence of hadronic parameters cal-

culabale at both low density (e�ective theory)

and high density (perturbative QCD).

f

m
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E�ective Field Theories

2p

QCD

HDET

Goldstone bosons

quasi−particles, holes, gluons

quarks, gluons

p = p
2 ∆

F

CFLChTh

F

QCD L = � (iD= + �
0) � 1
4
Ga
��G

a
��

HDET L =  y
v(iv �D) v � �

2
 T�vC v � 1

4
Ga
��G

a
�� + : : :

CFLChPTh L = f2�
4
Tr

"
r0�r0�

y � v2~r�~r�y
#
+ : : :

� coeÆcients determined by matching Green functions

QCD HDET

HDET CFLChPTh

� Applications: { f�;m�; : : : (collective modes)

{ phase structure as a function of ms; �e; : : :

{ transport properties, : : :



High density e�ective theory

� quasi-particles (holes)

E� = �� +
p
~p2 +m2

' ��� j~pj
������������������������
������������������������
������������������������

������������������������
������������������������
������������������������

p p

particlesholes
Λ

ε

F

� e�ective �eld theory on v-patches

 v� = e�i�v�x
0
BB@
1� ~� � ~v

2

1
CCA 

p = l+lv+µv

v’

� e�ective lagrangian for  v+

L =  y
v(iv �D) v

+
1

2pF
 y
v

"
(~�? � ~D)2 +MM y

#
 v

+
�~v�~v0

p2F
( y

v0 v)( 
y
v0 v) + : : : H

QCDHDET

� superconducting phase:

L ! L +  vC� �v + h:c:



E�ective Chiral Theory

� How to set up a color-
avor wave:

Y a
i

X
a
i

Xa
i = �ijk�

abch( L)
b
jC( L)

c
ki

Y a
i = �ijk�

abch( R)
b
jC( R)

c
ki

hXa
i i � Æai

hY a
i i � Æai

� low energy degrees of freedom

� = XY y = exp

0
BB@
i�a�a

f�

1
CCA �a = (�;K; �; �0)

e:g: K0 � �abc�ade(�u
b
RC�scR)(d

d
LCu

e
L)

� e�ective theory

L = f2�
4
Tr

 
r0�r0�

y � v2~r�~r�y
!

+ ATr(M�y)V ei�  UA(1) anomaly

+ B1

�
Tr(M�y)

�2
+ : : :

� expansion

L � f 2��
2

0
BBB@
~@

�

1
CCCA
N1 0BB@

@0 +MM y=pF

�

1
CCA
N2

0
BB@
MM

p2F

1
CCA
N3

(�)N4(�y)N4

Note: ��SB � �� 4�f�



Matching, part I

� Compute f�: Gauge SU(3)L � SU(3)R 
avor symmetry

@��! r�� = @��� iWL
� � + i�WR

�

π

ν

W e
f π

� Higgs phenomenon

L =
f 2�
4
Tr

�
(WL

0 �WR
0 )

2
�
+ : : : m2

W = f 2�

f π f π

WW

� microscopic theory

+

+ ���
���
���
���

��
��
��
��

���
���
���
���

������ ����

����
����
����
����

f 2� =
21� 8 log(2)

18

0
BB@
�2

2�2

1
CCA

� Note: 4�f� � pF � �

� � 5�0 ) pF � 500MeV ) f� � 100MeV



Matching, part II

� Compute m dependence of vacuum energy

�E = �B1 [Tr(M)]
2 �B2Tr(M

2) � = 1

� microscopic theory

g MM
2∆ ∆

R L

R L

g MM
2

R L

R L

R L

M

M

R L

g

g

�E �
0
@ g2
p4F

1
A �
p2F� log(�)

�2 �
[Tr(M)]2 � Tr(M 2)

�

� �2
�
[Tr(M)]2 � Tr(M 2)

�

B1 = �B2 =
3�2

4�2

� meson masses

m2
� = 3�2

4f2�
(mu +md)ms

m2
K� = 3�2

4f2�
(mu +ms)md

� Note:
mGB � 10 MeV mK < m�



Matching, part III

� consider 1=pF expansion

L =  
y
L

0
BB@p0 � �p �MM y

2pF

1
CCA L +

�

2
 LC L

+ (L$ R;M $M y) + O(1=p2F )

� MM y and M yM enter as gauge �elds

WL = MMy

2pF
 L! L L;  R ! R R

WR = MyM
2pF

WL ! LWLL
y + iL@0L

y; : : :

� implement gauge symmetry in e�ective lagrangian

L =
f 2�
4
Tr

 
r0�r0�

y
!
+ : : :

r0� = @0� + i
MM y

2pF
�� i�M

yM

2pF



Matching, anomalous part

� linear term Tr(M�) in vacuum energy related to instantons

(violates (Z2)A symmetry)

R

R
L

L

L

R

∆

∆

M

I Instanton size

� � ��1 � ��1
QCD

� instanton contribution to vacuum energy: E = ATr(M)

A = C
Nf

Nc
h C i2

0
BB@b log

0
BB@

�

�QCD

1
CCA
1
CCA
6 0BB@
�QCD

�

1
CCA
1

2��3
QCDe

i�

h C i = 3
p
2�

g
�

0
BB@
�2

2�2

1
CCA

� Note: h �  i = �A

h �  i �
0
BB@
�QCD

�

1
CCA
8

��3
QCD � ��3



Kaon condensation

� K0 mass vanishes if

ms > msjcrit

msjcrit ' 3m1=3
u �2=3

) kaon condensation
0 10 20 30 40 50 60

ms [MeV]

0

2.5

5

7.5

m
G

B
 [M

eV
]

mK O(mq)
mK

+
,K

0

mK
-
,
-
bK

0

mπ

� new vacuum state: � = exp(i��4)

V (�) = �f 2�
�m2

s

4pF
sin2(�)

+ (m
(0)
K )2(cos(�)� 1)

� α

V m  <  m  

m  =  m  

m  >  m  s s
crit

s s
crit

s s
crit

� hypercharge density

nY = f 2��eff
�
1� (m

(0)
K )4

�4eff

�

�eff = m2
s=(2pF )

n Y

m
2p

F

s
2

m K
0 ∆

unlocking 
transition

condensation
kaon

Y
max

n     =
2

∆F
p

π

2



Phase Diagram of CFL phase

V (�) =
f 2�
2
Tr

 
WL�WR�

y
!
� ATr(M�y)�B1

"
Tr(M�y)

#2
+ : : :

10
-8

10
-6

10
-4

10
-2

10
0

-40
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-20

-10

0

10

20

µ Q
  (

M
eV

)

10 20 30

m
s

2
/2µ  (MeV)

CFL

CFLK
0

CFLπ−

CFLK
+

� response to masses/ext. �elds determined by collective states

T. Sch�afer, P. Bedaque, Nucl. Phys. A697,802,2002

D. Kaplan, S. Reddy, Phys.Rev.D65:054042,2002

� Goldstone modes dominate transport, neutrino emissivity, : : :.

Jaikumar, Prakash, Sch�afer (2002)

Ellis, Shovkovy (2002)

Reddy, Sadzikowski, Tachibana (2002)

� superconducting K-strings

Kaplan, Reddy (2002)

Buckley, Zhitnitsky (2002)



Phase Diagram: ms 6= 0
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Nuclear 

Plasma
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µ

E

E

2SC

CFL−K

CFL

exotics LOFFnuclear
superfluid

� phase structure at moderate � (and ms 6= 0) complicated and

poorly understood

� \real world" e�ects (charge neutrality, neutrino transparacy)

important

� observables for neutron star phenomenology



Summary: The Many Phases (Faces?) of QCD

RHIC

Hadron Gas

Quark Gluon Plasma

Nuclear Liquid

µ

T

Neutron Stars

CFL

Color Superconductivity

Big Bang

� Interesting new phases of QCD at non-zero baryon density:

Color Superconductivity, Color-Flavor-Locking

� Theory: Weak coupling realization of chiral symmetry break-

ing and mass gaps

� Phenomenology: Neutron Stars (cooling, neutrino burst, glitches?),

Heavy Ions (Tri-critical point, precursor phenomena)


